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Abstract—The motion is determined for a thin circular disk straddling the plane in{erface of an immiscible two
phase creeping flow and moving parallel or perpendicular to the interface. Expressions are derived for the drag
coefficient on the disk.

INTRODUCTION

The motion of a particle moving in the presence of a free fluid-fluid interface is of some
importance and interest in chemical engineering science. The general motion of an arbitrary
particle in the presence of such a free interface is a matter of considerable complexity, and
Chadwick (1976) in some unpublished notes has considered the particular cases of a concen-
trated point force and a sphere in a two-phase flow.

In this paper the simplest geometry of particle shape is investigated, namely, the thin
circular disk and in all cases the disk straddles the interface which is assumed to be
instantaneously planar. The first flow described is the situation of a disk straddling an interface
and moving parallel to it. The flow is asymmetric and a new representation of the solution of
the creeping flow equations is given to construct the velocity field. The velocity and stress are
continuous at the interface and this leads to mixed boundary value problems for the Stokes
equation. It is found that the velocity is independent of the ratio of viscosities of the two phases
and the flow is the same as if the disk were moving edgewise on through an infinite fluid of the
same viscosity. This follows from the symmetry of the disk where the normal and tangential
components of stress vanish identically on the interface. The drag coefficient on the disk is a
simple modification of the drag given for a disk by Oberbeck (1945). The representation for the
velocity field is new and is obtained using the method of complementary integral representations
described by Ranger (1972).

Section 2 generalizes the problem to an axisymmetric body and here only an approximate
solution is presented. It is shown that the axisymmetric Stokes flow past the body satisfies the
conditions of continuous velocity and tangential stress at the interface and only the condition of
continuous normal stress is not satisfied. The case of a sphere is considered in detail and it is shown
the difference in normal stress is proportional to the difference in viscosities and proportional to the
inverse fourth power of distance measured from the sphere center. The solution is thus a good
approximation to the exact solution at large distances and the drag in the two phase flow is related in
a simple manner to that in ordinary Stokes flow. _

Section 3 deals with the situation in which the disk straddies the interface and is in-
stantaneously moving perpendicular to it. In this model the velocity and stress are continuous at
the interface and it is found that the velocity field is independent of the ratio of viscosities and
the field is the same as if the disk were moving broadside on in an infinite fluid of the same
viscosity. The drag on the disk is again related in a simple way to the drag in ordinary Stokes
flow. It is worth pointing out that the disk is the only geometry for which an explicit exact
solution can be determined for the velocity field. The case of the sphere is excessively
complicated and it is not clear that a solution for the velocity field exists with continuous
velocity and stress at the interface.

Section 4 again deals with the disk in the interface and moving perpendicular to it. However,
here it is assumed the normal velocity on the interface is zero and that the interfacial tension is
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264 K. B. RANGER

sufficiently high to preclude large deformations of the interface. The velocity is thus dis-
continuous at the rim of the disk and this leads to an infinite drag on the disk. A solution for the
velocity field does exist and is uniquely determined using the principle of minimum singularity.
It is found that the velocity fluid is again independent of the viscosity ratio and the velocity
vanishes on the interface. The flow thus behaves like a circular disk moving through a plane
containing a circular gap. There appears to be no analogue of this flow for an axisymmetric
body with non zero volume.

1. EQUATION OF MOTION AND DISK MOVING
PARALLEL TO INTERFACE

The equations of steady creeping flow are
gradp=uVlq, divqg=0, {1]
where q is the fluid velocity, p the pressure and u the viscosity. A suitable representation for

the fluid velocity field in which boundary conditions are prescribed on the plane x =0, is
expressed by

q=curl’ {% i cos ¢} + curl {% { sin ¢}, [2]
where (x, p, ¢) denote cylindrical polar coordinates and the scalar functions ¢ and y satisfy

Lz—l(‘/’)=0, L.(x)=0 (3]

and the Stokes operator L_, is defined by

2 3 19
= L 4
L., 5;:*"%: 9 [4]

Consider now a two-phase flow in which the fluid in the region x = 0 has viscosity g, and in the
region x <0 the viscosity is u,. A circular thin disk defined by x =0, 0<p =<1 straddles and
moves in the interface x = 0 with velocity given by

qo=4§ cos ¢ - §sin ¢. [s]
The fluid velocity in the two phases can be represented by
q; = curl’ {% { cos ¢} +curl {Xpl i sin ¢} [6}

W a

where ¢; and y; satisfy [3] and j = 1,2. If q; = u,”" + u,"'p + uy "', then

o = {%%"}_% L_,(./,j)} cos ¢, (7
- (52 Bowe

4 = - {;12 W, 9 (lpl.)} sin &. 191
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An appropriate representation for ¢; is

lll,'=XV,-, L-](V,')=0, j= 1,2

Now on the disk x=0,0=<p=<1
=0, uP=cosd, u=-sing,

and in terms of V; and x;, [11] are equivalent to

The normal component of velocity

=0, x=0, p=1

265

(10]

(1

(12)

(13}

so that the condition of zero normal velocity on the interface is satisfied as well as on the disk.
The boundary conditions on the interface require continuity of the velocity as well as stress on

x-=0, p> 1. These will be treated in turn.

Continuity of tangential components of velocity on the interface
These conditions are equivalent to

Vi- Vz) —Xz
+ =0,
S5
1 J (x1 'XZ)
Vi- v+ (—— =0,
;7( 1~ V) w\ o
at x =0, p > 1. These boundary conditions can be satisfied by tékihg

V1=V2, Xl=X2 atx=07p>1-

Normal component of stress continuous at interface
The normal component of stress is expressed by

F ux(l)
ax

pi=- pit2u;
where the pressure p; is found from [6] and is given by

bi= % ax L_().

In terms of the stream function g; [16] becomes

p2= {2 Ly r2a[2Y- L1 ]} cos s

p dx
2u; 33 .
(Pl Ml wfeoss

0, x=0,p>1

[14)

[15]

[16]

(17

(18]
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Thus

pl=p2=0 onx=0,p>1.

Tangential components of stress continuous at interface

There are two components of tangential stress pY) and pys. The first is given b
y

p(” {aux(n+ u (j)}
o p  ax

LaViy 1 ax}
= X
{2 3 (p e )+;)—; i cos .
The stress [21] is continuous at the interface if

pl=p% atx=0,p>1
that is if
d 1 6X| aXz)
R +
26p {p I (1 Vi- quz)} ;2(#-1 ax My 0,

at x =0, p> 1. The second tangential stress is given by

o oY 3u
Pox= “’Jp a¢
_ 1% 1 1 3%, 1ax>}.
~M{ ;;27;;2"'*’;)71«—1(‘/#) ;7711 o) [siné
20V, 91 ax}
- pAL
u,{;: +8p Ix sin ¢.

The stress [26] is continuous at the interface if
p=pH atx=0,p>1.

Equations [26] and [27] imply

I 9
;25;(#!‘/1 P«zvz)“‘appa (11 Xy — 2 X2).
Equations (23] and [28] are both satisfied if
Wi_ Vs
122 Byt ax = g2 ax
Mi_ . %%
Brgy T #3%x

atx=0,p>1.

Solution for V; and x;
First consider the mixed boundary value problem for V;. V; satisfies

L« Vj) =0,

{19

(20}

(21

(22]

[23]

(24}

[25]

[26]

(27

(28]
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subject to the conditions

V,~=%p2, atx=0,0<p=<i [32]
on the disk. On the interface
Vi=V¥, atx=0,p>1 [33]
Vi Vs
el C e atx=0,p>1. [34]

In addition the fluid velocity vanishes at infinity which is satisfied if V; >0 as x?+ p>> . The
mixed boundary value problem for y; is the same as that posed by {31] to [34] with y; replacing
A

Method of complementary integral representations
Appropriate integral representations for Vi(x, p), see Ranger (1972), are:

- [P o y)ydy _ 7 ulx, y)y dy
Vi(x, p) J; =TT ), O (351
forx=0

| ety (e
Vitr.o)= [ R - P Mo ,{Z)Yn?y [36]

for x <0. (u;, v;) are conjugate two dimensional harmonics even and odd in y respectively and
expressible in the form

u;+ iv; = f filk) e+ gk [37]
0

where f;(k) are real functions of k.
Now on the disk

° 4
Vi(o,p)=%p2=L£(‘%%%dmyx 0=p<l. 38]

The inverse of the Abel type integral equation is

Y VY.
oo, y)==2 [ Yile.plpdp 2y ,_ [39]

aydyJo (y°—p9) T

and j =(1,2). Again on the interface

Vito, )~ Vato, p) = [ 0 e )l dy f40)
= [°[v1(0, y) = va(0, Y)ly dy _
[[len o Py dy L

for p > 1. Hence from [41]

vi(0, y)=vo,y)  for |y|>1. [42]
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Also on the interface

TR
(5w =) o s =0 [43)
F1ox "M% e ), (v’ -p)"
for p> 1, and this implies
Oy dvy v -
B TR S 3y + 12 3y 0. x=0[y>1 [44]
or equivalently
mvi(0, y) + uavalo, y) = A, y[>1 [45]
where A is a constant. Thus,
20, ¥) = vy(0, ) = = B say. 46
vi(0, ¥) = vo(0, ¥) o ay (46]
for |y > 1. It is observed that
av, av,
i 2 = . 47
[ rvatall i 0, forx=0,p>1 [47]

so that the stress vanishes over the interface since a similar result is valid for x, and y,.

The solution for v;(x, y) can now be determined by standard Green’s function methods and
is expressed by

yir = [ HEACs 48]
where
2 :
vj(o,s)=;s Jsf<1
=B s>1 (49]
=-B s<~—1.
Thus
Vi(x, p) = Xi(x, p)=f0 %%’-_X%gzy-» x>0 (501

where v,(x, y) is determined from 48] and [49]. Explicit evaluation of {48] yields

.2 1= L f-1-y], x 2+ (1=y)
v,-(x,y)=;r)’§{tan1 xY}_tan'{ . }+—7T—;log[—7—-—-——7x T+ y)

+2ftan (F152) - taa ()] v

To determine the constant B, consider the velocity components on x =0, p> 1. It suffices to
consider u,¥ which is given by

u? = {5—7‘; (}) vi(o, p)) + Z%p—)} cos ¢ 52
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where on calculation

Vi(0,p)= ";2 sin™" (‘—')) + (B + %)(p2 — [53]

Hence,
u = %%{1 (0,p)cos ¢ [541
_-.;2,_.51,,*' (%)‘;(Erl_—ﬁm*’ (B—%)G,—_il—)-mcos é. [55]

Since the velocity is finite as p — 1+, the singularity is eliminated by choosing B = 2. vi(x, y)
is now given by

2 - l_—_z)_ _,(—l-y } X, X+(i-y)
v,v(x,y)—;;(y l){tan ( 5 tan " ) +7—T=;log—;————7x ATy [56]
Substitution of [56] in [50] yields Vi(x,p)= xi(x,p). Now the velocity field is clearly in-
dependent of the ratio of the viscosities of the two phases so that basically the solution
represents the edgewise motion of a disk through an infinite fluid. This follows from the fact
that the stress vanishes over the interface. The drag on a disk of radius a moving with speed V
is then

16
D=3 Va(p+p). (571

2. APPROXIMATE SOLUTION FOR AXISYMMETRIC BODIES
MOVING PARALLEL TO AN INTERFACE
Again, let (x, p, ¢) be cylindrical polar coordinates and consider an axisymmetric body §
with the x axis as axis of symmetry moving parallel to an interface ¢ = + #/2 with velocity

=V (58]

in an infinite two phase flow. The viécosity for —wml2<¢p=<mf2 is p, and for #2<¢=m,
~m[2=¢ =~ 7 is p,. The flow is clearly asymmetric but an approximate axisymmetric motion
will be considered.

Let the complete flow field be represented by

q=curl (j 43) [59]
P
where
Q=i+ Upp
and
~_1% 1
T Tpaw YT [60]

¥ satisfies the Stokes repeated operator equation

Li)=0 [61)

MF.Vol. 4, No. 3—C
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where L_, is defined by {4]. On the boundary of S
[62]

At infinity ¢ ~0(r), r = (p>+ x?)'"? ~ =, that is, the flow behaves like a Stokes couplet located at
the origin. The velocity defined by [59] is continuous at the interface ¢ =+7/2. The
components of tangential stress on the interface are

1 4

P =25 50 4o = 0. [63]
and
=1 duy

Hence, the velocity and tangential stress are continuous at the interface and the only condition
not satisfied is the continuity of normal stress. This is expressed by

Pos =D, (65
that is,

2 2
..p‘+%upm:_p2+_pl£_2up(2) (6]

where the pressure p; is obtained from the equations

op; u d ap; w0
@i _H®9 L
ax p 9p L), p p ox L) (671

If x=rcos#, p=rsing, consider the particular case of a sphere expressed by r=1. The
stream function is

4,:%(&—%) sin’ @ [68]
and the pressure
3Vu;cos @

The normal stress is

o 3Vu; é
P =" 169)
Thus, the difference in normal stress is
p%-pﬂ=3V(m—2;¢z)coso (0]

which is small if either (u, — po) is small or if r is large. The drag on the sphere is

D =3nVa(u+ p), (71]
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where the physical radius of the sphere is a. There is no component of force on the sphere
perpendicular to the interface.

More generally if the drag in ordinary Stokes flow is known to be 67 Vaua, then the drag in
two phase flow is given by
D=37Va(u, + wa. (72]
3. AXISYMMETRIC FLOW, DISK MOVING PERPENDICULAR

TO INTERFACE
For axisymmetric flow the velocity may be expressed by

q=curl {—Tfﬁ 43} (73]
where ¢ satisfies the Stokes repeated operation equation
L2(y)=0 (74]
and the operator L_, is defined by [4]. The flow components are given by
Uy [75]

In the flow to be considered in this section the thin circular disk x =0, 0 p =<1 straddles the
interface x = 0 and is moving perpendicular to it. With the notation of the previous section, the
stream functions for the flow in the two phases may be represented by ¢; (j = 1, 2). The velocity
is then given by

q; = curl {%ﬁ"«ﬁ}, (i=1,2). (76]

An appropriate representation for ; is given by

aU;
o=U-x(G-v)) (77
where V; and U, both satisfy
L_(Uj) = L-«(Vj)=0. (781

The boundary conditions on the disk require

atx=0,0=<p=1 [79]

U,~=%p2, Vi=0, atx=0,0sp=]l. (80)
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The velocity is continuous on the interface and this is satisfied providing
u=0, and Vi=V, atx=0,p>1 [81]

Now the tangential component of stress is defined by

i du )] du )]
W=, (22 +———e—~
ppx “‘l( ap Ax )

G5

The tangential component of stress is continuous at the interface, that is

pW=p2 atx=0,p>1 (83]
which reduces to
v, _ oV, _
My ax = W2 ix atx=0,p>1. {84]

The normal component of stress is defined by

i du, 2u; Y
U=_p ks’ SRS S of R & B
P xx P,+2[-l-, ax Dj p axdp [85]

where p; is the pressure obtained from the creeping flow equations

op; _pi @ ap; M 9
it o GO o . ot of RPN d R _
it SN s S UL [86]

The normal stress is continuous at the interface

N=p atx=0,p>1 [87]
which is equivalent to
a ) d ) =0
— P = =0,p>1. 88
2 P =5 0 px  atx p [88]

After some calculation it is found that [88] reduces to

U, U,
which is equivalent to
U, al,
= = s = > 1. 90
™ i M2y atx=0,p>1 {90}

In addition the velocity vanishes at infinity and this is satisfied if both

(U, V)>0 as x’+p’>wm, [91]
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To sum up the problems for U; and V; are mixed boundary value problems which may be stated

in the form:
U; satisfies [78] subject to the conditions

U,-=%p2 atx=0,0=<p=<],

Uu=U, atx=0,p>1,

(921
au,_ Uy |
[l C ey atx=0,p>1,
U-0 as x*+p'ox
The mixed problem for V; is defined by
V;=0, atx=0,0=sp=1,
Vi=V, atx=0,p>1,
(93]

v, v,
— - >
M1 = M2 atx—O,p 1,

Vi»0 as x*+pioow,

It is readily shown the solution of the latter problem for V; is identically zero.
To solve the problem for U; (j = 1, 2) it is convenient as in the previous section to introduce
complementary integral representations as follows:

: _ [P ol y)ydy _ 7 u(x, y)ydy -
o= || G = [ R =0 .
_ [PuCxy)ydy " ux y)ydy
jo ("= y) J; (y*=p") x=0 9]

where u;, v; are conjugate two dimensional harmonic functions of x and y, even and odd in y
respectively. The boundary conditions on the disk require

1 * y(0, )y d
U,-(O,p)=§p2=J;z(%‘;)Ty:7¥)-mX atx=0,0<p=<l. [96]

The solution of the Abel type integral equation is

2
vlo,y)=—y O0=y=l (971

On the interface

Uio,p) - U0, p) = J: (10, y) = val0, Y)ly dy _ f,p [v1(0, y) - vx(0, y)ly dy _ 0,

(pf_ y2)ll2 (p2_ y2)ll2
so that
vi(o,y) = vx0,y), y>1 [98]
Again,
(A4 é&)l _r( du ilg) ydy _
('“ ax P2 Moo~ ), Pax TR )| L0 - T 0 9]
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for p>1, so that on x =0

du, du,  dvy(o,y) dvy(0, y)
MGy TH G T T i TR S0,y 1100]
or equivalently
wi01(0, )+ pavyo, y) = A, y>1 [101]

where A is a constant. Thus from [98] and [101] it follows that

A
vi(0, y) = vy0, y) = =B, > 1. 102
(o, y 20, y) ot m y (102]

Now for p>1,

_ _ ['vlo,y)ydy  [*ylo,y)ydy
Uo.p) = [, 2t + [ L0

-y9)
2 (' yidy ?_ydy
=2 XY+ 2%
mlo (p°—y) 1 (07— y9)
P2 iy 1 2 112
=2 sin —+(B——)(p—1) (103}
m P m
and
oyl 2. .1 _2\ e
poplico w0 p+(B _”)(p R [104)

Thus the velocity is singular at the rim of the disk unless B = 2/, so that v(x, y) can now be
uniquely determined by the Green's function formula

o . , d
e =2 [ HEES [105]
where

vi{o, s)=%, [s|>1

-2

=g s>1 [106]

= ——2~, s>—1.

T

This is the same problem as [49] and the solution is expressed by [51] viz.
2 - (1= S el X X+(1-y)
2o () (50) S

At () - (22)) no7

U; can now be determined from the formula

Uylx, y) = f uBINd s
! o (P°=y9) [108]

=I"J_T—_,_,r”'((;"’ Wdy <o
0

)
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It is observed that the velocity is independent of the ratio of viscosities and is the same as if the
disk were moving broadside on through an infinite fluid of the same viscosity. The drag on the
disk is finite and is given by

D =8Va(u,+ p) [109]

where V is the velocity and a is the physical radius of the disk. The axial component of
velocity on the interface is expressed by

u = —-72; sin™' (—;—) [110]

which decays like p~* as p—«. In this model the disk carries the interface with the disk as it
moves through the fluid except the interface is not disturbed at infinity.

4. DISK MOVING ACROSS AN INTERFACE AT REST
In this model the disk is moving broadside across an interface x =0 in which there is zero
normal velocity. It is evident there is a discontinuity in the velocity at the rim of the disk and
the drag on the disk is infinite. However, the velocity field is derived since it is possible to find a
field which converges analytically even though the drag is logarithmically infinite.
The fluid velocity field is again axisymmetric and may be written as

| qf=curl{:;'£" 43} =12 (111

where the stream function ¢; satisfies the Stokes equation

LZy(g)=0. [112)
The velocity components are
i 1 9y N lag,
0~ _ 19y =21
ux p 8p ’ up p 6x . []13]

If the disk is moving broadside on with unit speed the boundary conditions on the disk are:
uP=-1, uP=0 atx=00=p=<l. [114]
On the interface the normal velocity is zero, that is
=0, atx=0,p>1. [115)
Also, the tangential component of velocity is continuous on the interface and this requires
u=u?  atx=0p>1. [116]
The tangential component of stress is continuous at the interface, that is
pR=p% atx=0,p>1. (117]

The condition of continuous normal stress cannot in general be satisfied and it is implicitly
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assumed that the interfacial tension is sufficiently high to preclude large deformations of the
interface.

In addition the velocity vanishes at infinity. This requires

(", u) >0 as  x*+plow, [118)

In terms of the stream function ¢; the boundary conditions are:

(i) «Il;(o,p)=%p2, atx=0,0=<p<1 [119]

. W,

(i) a‘(a,p)=0 atx=0,0=<p=<] [120]

(i) ¥i=A atx=0,p>1 [121]

. 1oy _ 14 -

(1v) pox pox atx=0,p>1 [122]
Py 3%y 1 a_nln)_ (32'112_32!//2 1 a_c//z)

(v) “‘(W 3—pr+p Rl i —a;z-+p 0 [123]

- 130, 1) 1y

(vi) (pap’p P -0 as X“+ pt>ow, [124]

¥=U- x(igl V) [125]

where Uj, V; again satisfy [78]. The problems for U, and V; are decoupled and may be stated as
follows:

2

U=xp atx=0,0sp=<l

B |

[126]

QLQ >

atx=0,p>1

)—)0 as  x’+piow

'bl'—-

(p_gl.
p’

Vi=V,=0 atx=0,0=<p=<1 {

and for V;:

Vi=V, atx=0,p>1 (127

A% Vv,

= :0, >l
1x Mgy atx 4

Vi»0 as x’+plow |
The solution of this latter mixed boundary value problem is identically zero. The solution of the

former boundary value problem for V; can be found using a Hankel transform. A suitable
representation for the solution of [126] in x =0 is given by

Vi =ax+ [ " fk) e al (kp)k dk [128]
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where Jy(kp) is the Bessel function of the first kind and first order and (k) is to be determined on the
plane x =0

[ rwomrconac=3pp-a  0sp=i
0’

p>1. [129)

The inverse formula for the Hankel transform yields

floy= J; 1 (% p’- A)J.(kp) dp

_ k) 1\ Jo(k)
‘JET+(A'2> k [130]
Thus, Vi(x, p) is expressed by
Viix,p)= A+ L (!'—,((Q+ (A —%)Jo(k)) e %0l (kp) dk [131]

where the constant A to the present is arbitrary. The singularity in the stresses and vorticity at
p =1 is minimized if A = 1/2 so that

V,-(x,p)=%+prLk)'I{ik—ﬂe““ dk, x>0 ' [132]

It is readily checked that [132] gives rise to an infinite force on the disk as may be expected. It
is also noted that since V; = 0, there is no tangential velocity on the interface. Also the velocity
field is independent of viscosity so that the motion is the same as if the fluid were of one
viscosity in which a disk is moving through a circular gap in a rigid plane wall. There is no
tangential stress on the interface.

REFERENCES
CHADWICK, R. 1976 private communication.
OBERBECK, A. 1945 (see H. LamB) Hydrodynamics, 6th Edn, p. 604. Dover, New York.

RANGER, K. B. 1972 M.R.C. Technical Summary Report No. 1225. University of Wisconsin,
Madison, WI.



